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1. Introduction

The comprehensive investigation of completely integrable systems has at least two rea-
sons. First, such systems serve as a testing area for developing various methods to solve
nonlinear partial differential equations. And second, they possess an interesting class of
solutions, called solitons, which have properties attractive from the point of view of possible
physical applications.

The two-dimensional loop Toda equations provide an illustrative and very rich exam-
ple of completely integrable nonlinear equations, see, for example, the monographs [fl, g
Different methods applicable to loop Toda equations for constructing their soliton-like so-
lutions were analysed in the paper [f. Namely, multi-soliton solutions of abelian untwisted
loop Toda equations associated with the general linear groups were explicitly constructed
by means of the Hirota’s [[]-F] and the rational dressing [[[0, [[I] methods, and a direct
relationship between these approaches was established.!.

In this paper we continue the investigation of abelian loop Toda equations associated
with the complex general linear groups started in the paper . Here we consider abelian
twisted loop Toda equations. It is interesting that the famous Dodd-Bullough-Mikhailov

Tt is worth to note that sometimes it is helpful to employ a combination of such complementary methods,
see, for example, [@, E]



equation is a simplest particular case of such twisted loop Toda equations. We develop
the rational dressing method in application to these classes of nonlinear equations and
construct for them new soliton solutions.

Here we start with the classification of the abelian loop Toda equations, associated
with the complex general linear groups, reducing them from the general classification of the
loop Toda systems performed in [[[4, [§]. In this way we find direct relationships between
different loop Toda equations and define proper places for the twisted loop Toda systems
to be subsequently solved. For the latter purpose we use the rational dressing method that
proved to be very efficient and favourable already in the untwisted case [[]. Indeed, the
method of rational dressing, consistently developed for the twisted loop Toda equations
under consideration, allows us to construct more general classes of solutions where the
Hirota solitons form a substantially smaller subset. Besides, it is an essential advantage
of the rational dressing, being actually a version of the inverse scattering method, that it
does not rely on guessing at an appropriate change of the dependent field variables as in
the Hirota’s approach.

2. Loop Toda equations

In this section, mainly following the monographs [, f] and our papers [[[4, [[5], we recall
basic notions and introduce notations to be used below. We start our consideration with
a Lie group G whose Lie algebra & is endowed with a Z-gradation,

6=Pe&r, (& 6)]C &y,
keZ

and denote by L such a positive integer that the grading subspaces &y, where 0 < |k| < L,
are trivial. We denote by Gy the closed Lie subgroup of G corresponding to the zero-grade
Lie subalgebra &y. Then, the Toda equation associated with G is an equation for a mapping
= of the Euclidean plane R? to Gy, explicitly of the form

o, (270 8) = [F_, =7 F, 7, (2.1)

where F_ and F, are some fixed mappings of R? to &_j, and &_ 1, respectively, satisfying
the relations
64_.7:_ == 0, 8_.7:4_ == 0 (22)

Here we use the customary notation d_ = 9/9z~, 04 = 9/dz" for the partial derivatives
over the standard coordinates on R?. Certainly, to obtain a nontrivial Toda equation we
have to assume that the subspaces &_j and & are nontrivial.

When the Lie group Gy is abelian, the corresponding Toda equation is said to be
abelian, otherwise we deal with a non-abelian Toda equation.

We see that a Toda equation is specified by a choice of a Z-gradation of the Lie algebra
® of G and mappings F_, F, satisfying the conditions (R.2). Therefore, to classify the
Toda equations associated with a Lie group G we should classify Z-gradations of the Lie
algebra & of G up to isomorphisms.



It is essential for our purposes that the Toda equation (R.1]) together with the rela-
tions (R.9) are equivalent to the zero-curvature condition for a flat connection on the trivial
fiber bundle R? x G — R?. Indeed, writing the zero-curvature condition as the equation

0-04 = 0,0_+[0-,04] =0 (2.3)

for the &-valued components of the flat connection under consideration, imposing the
grading conditions
O-=0-0+0-r, 0Op=04+04,

and destroying the residual gauge invariance by the condition
040 =0,
we bring the connection components to the form
o=z =+F, 0,=="'F7F (2.4)

and then derive the equation (R.])) and the relations (R.9) directly from the zero-curvature

condition (R.3), as well as vice versa [[L6, B, [[7.
It follows from the equality (R.d) that there is a mapping ® of R? to G such that

»lo_d=0_, 19,0 =0,. (2.5)

We say in this situation that the connection with the components O_ and O, is generated
by the mapping .

We consider the case where G is a twisted loop group of a complex classical Lie group
G which is defined as follows. Let a be an automorphism of G satisfying the relation
aM =idg for some positive integer M.2 The twisted loop group L, 1 (G) is formed by the

mappings x of the unit circle S! to G satisfying the equality

x(emp) = a(x(p));

where €y = €2™/M is the Mth principal root of unity. We think the circle S as consisting
of complex numbers of modulus one. The group law in L, 1/(G) is defined pointwise. The
Lie algebra of L, 1/(G) is the twisted loop Lie algebra £4 p/(g), where g is the Lie algebra
of G and A is the automorphism of g corresponding to the automorphism a of G. The Lie
algebra £ )/(g) is formed by the mappings £ of S 1 to g satisfying the equality

§(enp) = A(E(D))

with the Lie algebra operation defined pointwise. Note that the relation AM = idg is
satisfied automatically.

In the paper [1§] we classified a wide class of the so-called integrable Z-gradations
with finite-dimensional grading subspaces of the twisted loop Lie algebras of the finite-
dimensional complex simple Lie algebras. Namely, we showed that any such Z-gradation of

2Here M is not necessarily the order of the automorphism a, but can be its arbitrary multiple.



a loop Lie algebra £4 /(g) is conjugated by an isomorphism to the standard Z-gradation
of another loop Lie algebra L4/ p/(g), where the automorphisms A and A’ differ by an
inner automorphism of g.

Recall that for the standard Z-gradation of the Lie algebra L4 p/(g) the grading sub-
spaces are

Lanm(@)r={6= 2o e Lan(e) |z g, Alx) = ez},

where by A we denote the restriction of the standard coordinate on C to S!.

It is well known that twisted loop Lie algebras defined by automorphisms which differ
by an inner automorphism are isomorphic, and really different twisted loop Lie algebras can
be labeled by the elements of the corresponding outer automorphism group. In particular,
if A is an inner automorphism, the loop Lie algebra £4 a/(g) is isomorphic to an untwisted
loop Lie algebra £(g) = Liq,,1(g). Therefore, in this case a Toda equation associated with
L4, (G) and specified by some choice of a Z-gradation of £ ar(g) is equivalent to a Toda
equation associated with £(G) = Liq,, 1(G) and specified by the corresponding choice of a
Z-gradation of L(g).

Thus, to describe Toda equations associated with the loop groups L, a(G), where a
is an inner automorphism of G, it suffices to describe the Toda equations associated with
the untwisted loop groups £(G). However, due to simplicity of the standard Z-gradation,
to study Toda equations it is more convenient, instead of using one untwisted loop group
L(G) and different Z-gradations of £(g), to use different twisted loop groups L, /(G) and
the standard Z-gradation of £4 p/(g). Similarly, to describe the Toda equations associated
with the loop groups L, a(G), where a is an outer automorphism of G satisfying the
relation a™ = idg, it suffices to use only the standard Z-gradation of the loop Lie algebras
L4,0(g). Having all this in mind and slightly abusing terminology, we say that when a is
an outer automorphism of G then a Toda equation associated with L, 3/ (G) is a twisted
loop Toda equation associated with G, and when a is an inner automorphism of G then
a Toda equation associated with L, a/(G) is an untwisted loop Toda equation associated
with G.3

The group L, (G) and its Lie algebra L4 (g) are infinite-dimensional manifolds.
Nevertheless, using the so-called exponential law [[[J, R{], it is possible to write the zero-
curvature representation of the Toda equations associated with £, 3/(G) in terms of finite-
dimensional manifolds. The essence of this useful law can be expressed by the canoni-
cal identification C*°(M,C*®(N,P)) = C®°(M x N,P), where M, N and P are finite-
dimensional manifolds, among which N is compact.

The connection components O_ and O entering the equality (R.J) are mappings of R?
to the loop Lie algebra £4 rr(g). We denote the mappings of R? x S! to g, corresponding to
O_ and Oy in accordance with the exponential law, by w_ and w,, and call them also the
connection components. The mapping ® generating the connection under consideration is
a mapping of R? to L, 3/(G). Denoting the respective mapping of R? x S* to G by ¢ we
can write

pO_p=w_, o0 p=uwy, (2.6)

31t is common to omit the word ‘untwisted’.



which is equivalent to the expressions (R.§). Having in mind that the mapping ¢ uniquely
determines the connection generating mapping ®, we say that the mapping ¢ also generates
the connection under consideration. We introduce, according to the exponential law, the
smooth mapping v of R? x S! to G respective to Z, and smooth mappings of R x S! to g
respective to F_ and Fj.

Now, explicitly describing the grading subspaces of the standard Z-gradation of the
loop Lie algebra L4 a(g), we find that the subalgebra L4 ar(g)o is isomorphic to the
subalgebra gjgj,, of g, and the Lie group L, Mm(G)o is isomorphic to the connected Lie
subgroup Gg of G corresponding to the Lie algebra gjo),,. Here gpj,, mean the grading
subspaces of the Zy-gradation of g induced by the automorphism A, and [k];; denotes the
element of the ring Zj; corresponding to the integer k. For the connection components w_
and w4 we can write the expressions

wo =70y + AP, wy =My, (2.7)

which are equivalent to the equalities @) Here c_ and c; are mappings of R? to 9_[L]s
and g, (r),, respectively. Hence, the Toda equation (B.1)) can be written as

O (Y 10-y) = e,y ey, (2.8)
and the conditions (P.Z) imply that
(9+C_ = O, 8_C+ =0. (29)

We call an equation of the form (R.§) also a loop Toda equation.

Our classification of loop Toda equations is based on a convenient block-matrix rep-
resentation of the grading subspaces [[4, [[(§] we have implemented. Each element x of the
complex classical Lie algebra g under consideration is treated as a p x p block matrix (z,3),
where 44 is an n, x ng matrix. The sum of the positive integers n, is the size n of the
matrices representing the elements of g. For the case of Toda equations associated with
the loop groups L, 3 (GLy,(C)), where a is an inner automorphism of GL,,(C), the integers
ne are arbitrary. For the other cases they should satisfy some restrictions dictated by the
structure of the Lie algebra g.

The mapping v has the block-diagonal form
N = Iy . (2.10)

For each o = 1,...,p the mapping I, is a mapping of R? to the Lie group GL,,(C). For
the case of Toda equations associated with the loop groups L4 1/(GL,,(C)), where a is an
inner automorphism of GL,,(C), the mappings I, are arbitrary. For the other cases they
satisfy some additional restrictions.



The mapping ct has the following block-matrix structure:

0 Cin
0 .
e = ; (2.11)
0 Cip-)
Cio 0

where for each o = 1,...,p — 1 the mapping C,, is a mapping of R? to the space of
Na X Nay1 complex matrices, and Cq is a mapping of R? to the space of ny X np complex
matrices. The mapping c_ has a similar block-matrix structure:

0 C_o

e = , (2.12)

0
Co(p-1) 0

where for each & = 1,...,p — 1 the mapping C_, is a mapping of R? to the space of
Nat1 X Mo complex matrices, and C_g is a mapping of R? to the space of nq x n, complex
matrices. The conditions (R.9) imply

9.C_0a =0, 0.Cia=0, a=0,1,...,p—1. (2.13)

For the case of Toda equations associated with the loop groups £, 1/(GL,(C)), where a is
an inner automorphism of GL,(C), the mappings Cy, are arbitrary. For the other cases
they should satisfy some additional restrictions.

The Toda equation (R.§) is equivalent to the following system of equations for the
mappings [,:

Oy (IT'0-I) = —IT'C [LC_ + C_o I, CyoI,
01 (I510-TIy) = =I5 'O p I3 0y + C_y Iy 1O Ty,

(2.14)

a+ (Fp__lla_Fp_l)
o (Fp_la—Fp) =

_Fp—lc-i-(p—l) Fp C—(p—l) + C’—(10—2)Fp—2C—|-(p—2)F]o—l’
_Fp_

'Cyo I Cg + C—(p—l)Fp_—lchf(i”‘l)Fp'

It appears that in the case under consideration without any loss of generality we can assume
that the positive integer L, entering the construction of Toda equations, is equal to 1. Note
also that if any of the mappings C;, or C_, is a zero mapping, then the equations (2.14)
are equivalent to a Toda equation associated with a finite-dimensional group or to a set of
two such equations.



3. Abelian Toda equations associated with loop groups of complex general
linear groups

It can be shown that there are three types of abelian loop Toda equations associated with
the groups GL,,(C), see, for example, the paper [f].

3.1 First type: untwisted loop Toda equations

The abelian Toda equations of the first type arise when the automorphism A is defined by
the equality
A(z) = hah™, z € gl,(C),

where h is a diagonal matrix with the diagonal matrix elements

b, = €2 F L k=1, ,n. (3.1)

The corresponding automorphism a of GL,,(C) is defined by the equality
a(g) = hgh™*, g € GL,(C),

where again h is a diagonal matrix determined by the relation (B.J). Here the integer M
is equal to n, and A is an inner automorphism which generates a Z,-gradation of gl,(C).
The block-matrix structure related to this gradation is the matrix structure itself. In other
words, all blocks are of size one by one. The mappings I, are mappings of R? to the
Lie group GL;(C) which is isomorphic to the Lie group C* = C ~ {0}. The mappings
C.tq are just complex functions on R2. The Toda equations under consideration have the
form (.14) with p = n.

We have shown in the paper [ that if the functions C_, and C, have no zeros then
the Toda equations (R.14) are equivalent to the same equations, but where C_, = C_ and
Cta = C4 for some functions C_ and C; which have no zeros. If these functions are real,
then with the help of an appropriate change of the coordinates z~ and z* we can come
to the Toda equations with Cy, equal to a nonzero constant m. This system of equations
gives the Toda equations associated with untwisted loop groups of general linear groups.
In the paper [J] we investigated the soliton solutions of the above Toda equations obtained
by two different approaches, the Hirota’s and rational dressing methods, and established
explicit relationships between these methods.

3.2 Second type: twisted loop Toda equations, odd-dimensional case

The abelian Toda equations of the other two types arise when we use outer automorphisms
of gl,,(C). For the equations of the second type n is odd, and for the equations of the third
type n is even.

Consider first the case of an odd n = 2s — 1, s > 2. In this case an abelian Toda
equation arises when the automorphism A is defined by the equality

A(z) = —h(B YB)n !, (3.2)



where ‘z means the transpose of x, h is a diagonal matrix with the diagonal matrix elements

_ n—k+1 _ 2s—k
hik = €3, = €452

and B is an n X n matrix of the form

1
1
B = 1
-1
1
The corresponding group automorphism a is defined as
a(g) = (B g ' B)h™t (3.3)

The order M of the automorphism A is 2N = 4s — 2 and the integer p is 2s — 1. The
mapping 7 is a diagonal matrix of the form (R.10), where the mappings I, are mappings
of R? to C*, subject to the constraints

=1, Dygoi1 =171 a=2,..., s

The mappings C4, in the relations (R.11)) and (R.12) are complex functions satisfying the

equality
Cio = Cyq, (3.4)
and for s > 2 the equalities
C:I:(2s—a) = _C:I:a, o = 2, ceey S — 1. (35)
Let us choose the mappings I, @ = 2,...,s, as a complete set of mappings parameterizing

the mapping . Taking into account the equalities (B.4) and (B.H) we come to a set of s —1
independent equations equivalent to the Toda equation under consideration. As well as in
the untwisted case, under appropriate conditions the Toda equations under consideration
are equivalent to the same equations, but where

Cio=Ct1 = Cys =m, (3.6)

and
Cia = —Ci2s—a) =m, a=2,...,s—1 (3.7)
Explicitly, we have the equations
0 (I3 10-Iy) = —m* (I3 ' Iy — I),
O (I31o-Iy) = —m*(Iy'h, — Iy'ry),

8+(F_118_F8_1)

Ss—

8+(Fs_1a—Fs)

_mz(F_llrs - Fs_—12Fs—1)7

sS—

_m2(Fs_2 - Fs_—llps)y



where m is again a nonzero constant, see also the papers [[L1, R1].
For s = 2 denoting I3 by I" we have the equation

o (I 'o_ry=—-m*>(Ir—2-rn).
Putting I" = exp(F') we obtain
04 0_F = —m?[exp(—2F) — exp(F)].

This is the well-known Dodd-Bullough-Mikhailov equation [23, [[]], formulated for the first
time by Tzitzéica [ in geometry of hyperbolic surfaces.
3.3 Third type: twisted loop Toda equations, even-dimensional case

In the case of an even n = 2s, s > 2, to come to an abelian Toda equation we should
use again the Lie algebra automorphism A and the corresponding group automorphism a
defined by the relations (8.9) and (B.3), respectively, where now

1

1
and h is a diagonal matrix with the diagonal matrix elements

-1 2s—1 __ 1’ h n—i+1 2s—1+1 i = 2’ )

hi =€y, -9 = €5 = — i = €p2 = €452 s ST

The order M of the automorphism A is again 2N = 4s—2, and the number p characterizing
the block structure is equal ton —1=2s—1,ny =2, and no =1 fora=2,...,2s — 1.

The mapping I is a mapping of R? to the Lie group SO2(C) which is isomorphic to
C*. Actually I is a 2 x 2 complex matrix-valued function satisfying the relation

Jz_ltlezzpl_lv

01
Jy = .

It is easy to show that I7 has the form

_(U1);, O
Fl_( 0 <F1>ff>’

where (I7)11 is a mapping of R? to C*. The mappings I, o = 2,...,2s — 1, are mappings

where

of R? to C* satisfying the relations

_ -1
F2s—a+1_Fa .



The mappings C_1, C1¢ are complex 1 x 2 matrix-valued functions, the mappings C_g,
C4q are complex 2 x 1 matrix-valued functions. Here we have

C_o= JQ_MC_;[, Cyo= tC.,.lJQ. (3.9)

The mappings Cio, @« = 2,...,p — 1 = 25 — 2, are just complex functions, satisfying for
s > 2 the equalities

C:I:(2s—a) = _C:I:Oca o = 2, ey S — 1. (310)

The mappings (I1)11 and I, a = 2,...,s, form a complete set of mappings param-

eterizing the mapping 7. Taking into account the equalities (B.9) and (B.1() we come to
a set of s independent equations equivalent to the Toda equation under consideration. As
well as for the first two types, under appropriate conditions these equations can be reduced
to equations with

C_o=m, Ciq =m, a=2,...,8, (3.11)
and
(C-)u = (Coie=m/V2,  (Cy)u = (Cy1)ar = m/V?2, (3.12)
where m is a nonzero constant. Thus, we come to the equations

m2

3+(F1_18—F1): 2 (Fl_l_rl)r27

2
_ _ m _
0y (Iy'0_Iy) = —m?Iy ' Iy + - (I Ly ),
04 (I3 0-T7)

—m?(I5 Ty — Iy ' T),

(3.13)

8+(Fs_—118—Fs—1) - m2(Fs_—11Fs - Fs_—lzps—ﬁ,
8+(Fs_1a—rs) = m2(Fs_2 - Fs_—llrs)a
where, with a slight abuse of notation, we have denoted (I7)11 by I7.
We also note that all three systems of Toda equations described above can be repre-
sented in standard forms with explicit indication of the Cartan matrices of the correspond-
ing affine Lie algebras of the types Asll_)l, Aéi)—z and Aéi)_l, respectively, see, for example,
the paper [{.

4. Rational dressing

In this section we apply the method of rational dressing to construct solutions of the
abelian Toda systems associated with the loop groups of the complex general linear groups.
Here we solve the abelian Toda equations of the second and third types which have the
forms (B.§) and (B.13) respectively. In fact, some preliminary relations of the rational
dressing formalism can be introduced on a common basis in application to the both types
of abelian Toda systems.

— 10 —



Because in the cases under consideration the matrices c_ and cy are commuting, it is
obvious that

where I, is the n x n unit matrix, is a solution to the Toda equation (R.§). Denote a
mapping of R? x S to GL,(C), which generates the corresponding connection, by ¢.
Using the equalities (B.6) and (R.]) and remembering that in our case L = 1, we write

e to_p =", 0100 = Aeg, (4.2)

where the matrices ¢, and c_ having generally the forms (R.11]) and (R.13), are speci-
fied by the relations (B.4), (B.7) for the Toda equations of the second type, and by the

relations (B.11), (B-19) for the Toda equations of the third type.
To construct some other solutions to the Toda equations we will look for a mapping

1, such that the mapping
¢ =i (4.3)

would generate a connection satisfying the grading condition
Ww_ =w_g +w-1q, Wy = Wi +w4q (4.4)

and the gauge-fixing constraint
wio = 0. (4.5)

For any m € R? the mapping ¢, defined by the equality TZJm(ﬁ) =(m,p), p € S, is
a smooth mapping of S to GL,,(C). We treat S' as a subset of the complex plane which,
in turn, will be treated as a subset of the Riemann sphere. Assume that it is possible
to extend analytically each mapping ¥, to all of the Riemann sphere. As the result we
obtain a mapping of the direct product of R? and the Riemann sphere to GL,,(C), which
we also denote by 1. Suppose that for any m € R? the analytic extension of 1, results in a
rational mapping regular at the points 0 and oo, hence the name rational dressing. Below,
for each point p of the Riemann sphere we denote by v, the mapping of R? to GL,(C)
defined by the equality v, (m) = ¥ (m, D).

Since we deal with the Toda equations described in sections B.9 and B.3, for any m € R?
and p € S' we should have

Y(m, eanp) = hB~ = (m, p) Bh ™1, (4.6)
where h is a block-diagonal matrix described by the relation
haﬁ :eénga—i_l‘[naéaﬁa aJ/BZ 17"'7p7

with ny = 1 for the Toda equations of the second type, and n; = 2 for the Toda equations
of the third type, while for all other indices a = 2,...,p we always have n, = 1. Note that

— 11 —



h11 = —I,,. Here we also use the notation

Ini

1

common for the both cases. The equality (f.f)) means that for any m € R? two rational
mappings coincide on S!, therefore, they must coincide on the entire Riemann sphere.
We define a linear mapping @ acting on a mapping x of the direct product of R? and

the Riemann sphere to the algebra Mat,,(C) of n x n complex matrices as*

ax(m,p) = hB~''x " (m, e;yp)Bh™".

The relation (@) is equivalent to the equality aiy = 1. To construct rational mappings
satisfying this relation we will use the following procedure. First, we construct a family of
mappings 1) satisfying the relation a1 = 1, and then select from it the mappings satisfying
the equality ay = 1.

It is easy to see that the mapping

N
v=Y a*x (4.7)

k=1

satisfies the relation a2t = 1. It is worth to note that a*Vy = x. We start with a rational
mapping x regular at the points 0 and co and having poles at r different nonzero points
Wi, ©=1,...,7. More specifically, we consider a mapping x of the form

= (1S 2

where P; are some smooth mappings of R? to the algebra Mat, (C) and xq is a mapping
of R? to the Lie subgroup of GL,(C) formed by the elements g € GL,,(C) satisfying the
equality

h2gh™2 = g. (4.8)
With account of the equality
a*x(m,p) = h*x(m, ey'p)h >
the averaging procedure ([L.7) leads to the mapping

<I + Z Z — = w¥*Ph %) Yo, (4.9)

i=1 k=1 A= egy i

“Note that below x is a mapping to the Lie group GL, (C), although to justify the relation (@) it is
convenient to think GL,(C) as a subset of Mat,(C).

- 12 —



where 19 = Nxo. We assume that p2V # M?N for all ¢ # j.
Denote by ¢~! the mapping of R? x S! to GL,(C) defined by the relation

¢~ (m, p) = (p(m,p)) "

Suppose that for any fixed m € R? the mapping 1;;11 of S to GL,(C), defined by the
equality 1;;11 (p) = ¥~(m,p), can be extended analytically to a mapping of the Riemann
sphere to GL,,(C), which we also denote by ¥~!, and as the result we obtain a rational
mapping of the same structure as the mapping 1,

Yt (I + Z Z h%Qih_%) , (4.10)

i=1 k=1 _€2NV

with the pole positions satisfying the conditions v; # 0, V2N # V?N for all 4 # j, and
additionally I/iN * uﬁ-v for any ¢ and j. °

The mappings ¢ and ¢! given by the equalities (.9) and ([L.10), respectively, satisfy
the relations 421 = ¢ and a?y~! = ¢~!. To satisfy the relations a1 = ¢ and ayp~! =1
we have to assume that the pole positions of the mappings ¢ and 1! are necessarily
connected as

VZZNZ'/E2N7 it=1,...,7

and the matrices P; and @); are related as
Q; =h 'B7''P,Bh, i=1,...,rm (4.11)

By definition, the equality
7/)_17/) =1,

is valid at all points of the direct product of R? and S'. Since ¢)~14) is a rational mapping,
the above equality is valid at all points of the direct product of R? and the Riemann
sphere. Hence, the residues of ¢4 at the points v; = u;/ean and p; should be equal to
zero. Explicitly we have

KB UPBh | I, + ZZ ”’/EQN hkpin=2 | =0, (4.12)
=1 k=1 Wi/ €an — EQNluj
r N
L+ 33— h* T B P B | Py = (4.13)

j=1k=1Hi — €an Hj

We will discuss later how to satisfy these relations, and now let us consider what connec-
tion is generated by the mapping ¢’ defined by ({.J) with the mapping v possessing the
properties described above.

5Actually, as it will be clear, for the extended mappings ¢ and ¢! we have ¥~ !4 = I,,. This justifies
the notation used.
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Using the equality ([.3) and the relations (JL.3), we obtain for the components of the
connection generated by ¢’ the expressions

wo =P o+ N e, (4.14)
wy = b + My ey, (4.15)

We see that the component w_ is a rational mapping which has simple poles at the points
Wi, Vi = pi/ean and zero.b Similarly, the component w, is a rational mapping which has
simple poles at the points u;, v; = p;/ean and infinity. We are looking for a connection
which satisfies the grading condition ([.4) and the gauge-fixing condition (.§). The grading
condition in our case is the requirement that for each point of R? the component w_ is
rational and has the only simple pole at zero, while the component w_ is rational and has
the only simple pole at infinity. Hence, we demand that the residues of w_ and w4 at the
points u; and v; = p;/ean should vanish.
The residues of w_ and w4 at the points v; = u;/ean are equal to zero if and only if

(0-Qi — eanpy ' Qico) | In +ZZ ”’/EZN r*pn2 | =0,  (4.16)
T im Halen — SN

- ,uz/€2N 2k —2k
01Q; — € 1Min’C I, + E E h“"P;h = 0, 4.17
(04 2N +) P Jean 62N ] J ( )

respectively, with the equality ([.11]) to be taken into account. Similarly, the requirement
of vanishing of the residues at the points p; gives the relations

I +ZZ 2k - h2k IB ltPBh 2k+1 (a—P7,+MZ_1C—P7,) :0’ (418)
j=1k=1Hi ~ €N Hj
r N
Lo+ Y > — L BT BT | (0, P+ picy ) = 0. (4.19)

To obtain the relations ([.16)—(f.19) we made use of the equalities (f.13), ([L.13).

Suppose that we have succeeded in satisfying the relations ({.13), ({.13) and ([.16)-
(E19). In such a case from the equalities ([.14) and ([E17) it follows that the connection
under consideration satisfies the grading condition.

It follows from the equality ([.15) that

w(m, 0) = vy (m)44ho ().

Taking into account that wyo(m) = wy(m,0), we conclude that the gauge-fixing constraint
w4 = 0 is equivalent to the relation

O41po = 0. (4.20)

SHere and below discussing the holomorphic properties of mappings and functions we assume that the
point of the space R? is arbitrary but fixed.
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Assuming that this relation is satisfied, we come to a connection satisfying both the grading
condition and the gauge-fixing condition.

Recall that if a flat connection w satisfies the grading and gauge-fixing conditions,
then there exist a mapping v from R? to G and mappings c_ and ¢ of R? to g_; and g1,
respectively, such that the representation (B.7) for the components w_ and w, is valid.
In general, the mappings c_ and c; parameterizing the connection components may be
different from the mappings c¢_ and ¢, which determine the mapping . Let us denote the
mappings corresponding to the connection under consideration by 4/, ¢ and ¢,. Thus,
we have

PO P+ AT e =y oy + AT (4.21)
O+ M T e = MY (4.22)
Note that 1) is a mapping of R? to the Lie subgroup of GL,(C) defined by the rela-
tion ([.§). We recall that this subgroup coincides with Gy and denote 1, by 7. From the
relation (f.21]) we obtain the equality
Yoy =70y,
The same relation (f.21)) gives
Wy ety = .
Impose the condition 1y = I,,, which is consistent with the condition ([.20). Here we have

C_ = cC_.

Finally, from the equality ({£.29) we obtain

YA =7 ey
We see that if we impose the condition 1y = I,,, then the components of the connection
under consideration have the form (B.7) where v = ¢oo.

Thus, to find solutions to the Toda equations under consideration, we can use the
following procedure. We fix 2r complex numbers u; and v; and find matrix-valued functions
P; and @Q; satisfying the relations ({.19), (E.13) and (f.16)-(f.19). With the help of the
relations ([.9), (E.1(), assuming that

¢0 = In7

we construct the mappings ¥ and ¥~!'. Then, the mapping

Y = oo (4.23)

satisfies the Toda equation (R.§).

Let us return to the relations (4.19), (4.13). It is easy to see that they are equivalent,
and so, we will use the relation ({.13) for further calculations. We can show that, if we
suppose that the matrix P; has the maximum rank, then we get the trivial solution of the
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Toda equation given by ([1). Hence, we will assume that P; is not of maximum rank. The
simplest case here is given by matrices of rank one which can be represented as

_ ., t
Pi—uiwi,

where v and w are n-dimensional column vectors. This representation allows writing the
relations ([.13) as

T

N
UZ+ZZ 2k r—h* T B, ('u; B2 ;) = 0. (4.24)
j=1k=1 M ~— €N Hj

Using the identity

N —2kj N—|jln
Z Z€2N —NZ H

z—ek N -1
k=1 2N

where |j|n is the residue of division of j by N, we can rewrite the equality (£.24) in terms
of the components of u; as follows:

T
i 1 Ty + NZ(Rl)ijtwj,l =0,
j=1

where u; 1 and w; 1 gather first ny components of the corresponding n-dimensional column

vectors, so these are in fact nj-dimensional column vectors,”

T
Ui N+2—k — NZ(Rk)ijwj,k =0, k=2,...s,
=1

and
T
ui7N+2_k+NZ(Rk)ij’wj7k:0, k:S—l-l,...,p:N.
j=1
Here the r» x r matrices Ry and R are defined as

1 N—|e-1|y  |6-1
(R1)ij = ﬁ <,uz (ui,l']nluj 1 Z:u | |N:u‘] |N(ui7N+2—éu]}é)
? J

N—|{—1 /-1
+ Z My | ‘N/“j |N(ui,N+2—éuj7é)>, (4.25)
l=s+1

1 N—|1—k|x |1—k]|
(R)ij = m( H; N,U N(Uz,ljmuj,l)

N— ék‘N ék‘N N— ékN ékN
+ZM o ly ‘(ui,N+2—£uj£ ZM o Ij ‘(ui,N+2—£Uj,Z)

N—|l—k l—k
+ Z Tk N(Ui,N+2—euj,e)> (4.26)
f=s+1

"We remember that either n; = 1 or n; = 2.
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for k=2,...,s, and

1 N—|1—k|x |1—k]|
(Rk)ij = m <—,U, N,u] N(Uz lJnluj,l)

N-le=Hly Jt=klx N-le=Hly Jt=klx
+ZM i (i N2—etje) — Z 1 g (i N2 e)
l=s5+1

N
N—|{—k {—k
+ZM’ | ‘Nl"j NW@NH—@%’@) (4.27)
=k

for k=s4+1,...,N. Recall that for all cases considered here N =p = 2s — 1.
We use the equations (f.2), (£.2d) and ([.27) to express the vectors w; via the vectors

Uy

1 T
t -1 t —1
win=—— > (B )ijujidn,  wix=— D (B )ijujNy2—k

j=1 j=1

1 _
w == D (B )i vk

for k=s4+1,..., N = p. As the result, having expressed the matrices P; and ); in terms
of the components of the vectors u;, we find a solution of the relations (f:13) and (f.13).

Further, it follows from the equality (f.24) that, to fulfill also the relations ([.16)-
(B.19), it is sufficient to satisfy the equations

O_u; = —p; te_uy, Oru; = —1;Co ;.
The general solution to these equations is given formally by the expression

wi(z™,2%) = exp(—p; ezT — e )ul, (4.28)

where u = u;(0,0). We will make explicit this formal solution when later constructing
soliton solutions.
Thus, we see that it is possible to satisfy the relations ([.12), (E13) and (E16)-(E19).

This gives us solutions of the Toda equation (P.§), and so, to the equations (B.§) and (B.13)
by specifying the above formal expression of u; for the two corresponding cases. Let us

show that they can be written in a simple determinant form.
Using the equalities ([.23) and (.9), we get

r N
Y =thoo=Tn+ Y Y PR

i=1 k=1

For the matrix elements of + this gives the expression

Yke = Oke <1 + NZ(H’)M) = Ot L

i=1
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Hence, we have

T T
1yt —1
=1, — E wi 1 (R )ij wjn JIng Ih,=1+ E Ui o (Ry™ )ijtj2s+1—as
i,j=1 i,j=1

where o = 2,...,s, and

r
I,=1- Z Uj o (R;l)iju]‘723+1_a, a=s+1,...,2s — 1.
ig=1

We assume for convenience that the functions u;, are defined for arbitrary integral
values of a so that

Ui 25s—14+a = Ui,a-

By definition the matrices R, are periodic in the index «. It appears that it is more
appropriate to use quasi-periodic quantities u, and R, defined as

Uo = M%u,, Ry=MRM?*,  R,=M>»""*R, M,
where a = 2,...,2s — 1; here M is a diagonal r X r matrix given by
Mij = pidij.
For these quantities we have quasi-periodicity conditions
Tos—1pa = M2 10, Ros = M2~ 1Ry M1, R’%_Ha = MR M

The expression of the matrix elements of the matrices R, through the quasi-periodic quan-
tities ;. has a remarkably simple form. We have for a = 1

- 1 s
_ 25—1 (t~. ~. 25—1 25—1 ~ ~
(R1)ij = 551 2s—1 | M4 (uul‘]muy,l)/‘j —H; E :uz,28+1—6ujﬂ

K + M =2
25—1
+M?8_1 Z Uj 2541 BUj3
B=s+1
Further, we have for « = 2,...,s
1 a—1
153 25—1 /t~ ~ 2s—1 2s—1 ~ ~
(Ra)ij = 5757 | —H4 (tui,l‘]muj’l)“js +u5° Zumsﬂ—ﬁu%ﬁ

w =2

s 25—1

A N TENEE TR Tl S TR NSO I
B=a B=s+1
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and fora=s+1,...,25 — 1

- 1 s
2s—1/t ~ 2s—1 2s—1 ~ ~
(Ra)ij = =557 | — 15" (i Ty 5,03~ 4+ 271 Wi g1y 8

g =
a—1 2s—1
M?S_l Z Ui gsp1-plsp + 17" Z Ui 25411,
B=s+1 f=a

Here we used the identity |— k|y = N — 1 — |k — 1|n5. The quasi-periodic functions have
the following useful properties:

(Ra—i-l)m = (Ra)ij + a72,28—1—1—&&]',0“ o = 27 sy S, (429)
(Ea—i-l)ij = (Ea)ij — ﬂi,2s+1—aﬂj,a, a=s+1,...,2s — 1, (4.30)

and
(R1)ij = —(R2)ji, (Ra)ij = (Rast2-a)ji, a=2,...,25—1 (4.31)

In terms of the quasi-periodic quantities, for the ni x nq matrix-valued function I and for
the functions I, we have

r
25—1~ t~ ~ D=1\, .~
I = [nl E w; Ui 1 Rl )zj Uj 1 Jnl, I,=1+ E Ui o (Ra )ijuj,2s+l—a7
i,j=1 i,j=1

fora=2,...,s, and

r
~ 5—1 ~
I'n=1- E Ui, (Ra )ij Uj2s+1—a>

i,j=1
fora = s+1,...,2s — 1. The expressions for the functions I, for a > 1 can be written as
Fa:1+tﬂaR;1ﬂ2s+l—aa C)Z:2,...,S,
and
Io=1-"%,R Upsi1_a, a=s+1,...,2s—1.

Here R, is an r X r matrix and %, is an r-dimensional column vector. We remember that
in the cases under consideration we should have

oMy = I Dpgiia=1I5" a=2,...,2s—1 (4.32)
To verify these relations we use that
r 2s—1
1_ ’ll);cjl — In + Z Z h2k‘ (h_lB_ltPiBh)h_2k,
i=1 k=1

therefore we find the following expression of Fl_l in terms of quasi-periodic quantities,

25— 1 —l t~
=1, — E U p” (R )i g Iy -
3,j=1
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Comparing now this expression with what we have for I above, we conclude that the first
relation of equations (§.33) is satisfied.

The expressions just given above allow writing a remarkable determinant representa-
tion for the functions I,,. It can be shown that

. det(Ra + 625+1_atﬁa)
det Ea

“ a=2...,s,

and

. det(Ra — 625+1_atﬂa)
det RX
Using the properties (f.29) and (f.30) we can see

Iy

. det Ea—l—l
det Ea ’

For these functions we can also easily demonstrate that

a=2,...,5,5+1,...,25s — 1.

det §2s+2—o¢ B det(tﬁa) ~ det Ea _ -1
detﬁgs_i_l_a det(tﬁaﬂ) detRXH @

using for this purpose the relations ([L.30). Hence all equations (f.32) are fulfilled.
We remember also that for the case ny = 1 corresponding to the second type of abelian

F2s+1—a =

twisted loop Toda equations considered here (n = p = 2s — 1), we have Iy = J; = 1, and
so, we can write for the function I the expression

In=1- tﬂlM%_lRl_lal,
where 17 is also an r-dimensional column vector. It can be shown that

. det(ﬁl — U tul M2s_1)
det ﬁl

I

Y

We obtain from the expressions of ]Aél and ﬁg directly that
(Ra)ig ;™ =Tt 1 Ty g0+ ™ (Ra)ig,
and so, for n; = 1 we can write
M2 Ry 471y iy = Ry M~25+1,

Using this relation in the above expression for I as the ratio of determinants, we easily

derive _
det R
L= S (4.33)
det R1
But we have from the equality ([.31)) that
El = _t§27

and so, for n; = 1 the expression (f.33) gives

o= (-1

— 20 —



5. Soliton solutions

5.1 Odd-dimensional case

Here we consider the case of n = p = N = 2s — 1. It means also that we have n; = 1.

t

The eigenvectors of the matrices c_, cy, c_ and ¢ are n-dimensional column vectors ¥ s

p=1,...,2s — 1, satisfying the relations
fe_ v, = meQJJ(, P, tc+\I’p = me;ﬁ,—%\I’p, c V¥, = mez_]f,_zp\lfp, cy ¥, = me2+2p\11

where the 2s — 1 components of ¥, are defined as

(\Ilp)azegl(\}g+2p)7 o = 17"'787
(Wp)a = (~1)* " ey a=s+1,...,25—1
proe 2N ’ - IR .

Consequently, we can give a concrete expression to the formal solution (4.2§) as

2s—1

a(s5+2p) —Zp (ki
Uj,o0 = § Cip€on p(ul), a=1,...,s
p=1
2s—1
1 o(s42p) —Zp (s
Ujo = E Cip (1) Tegp ”(‘“), a=s+1,...,2s -1,
p=1

where ¢;, are arbitrary constants and we have introduced the notation

2 _ 2
Zy(ps) =m (52;7 pl‘ilz +€§1J(fpﬂz ).

Then, after some calculation using, in particular, properties of eon, we write for the matrix
elements of R, for oo > 2:

. 2s—1 4p+1 2(p—0)c
(Ra)ij = (—1)* "0 Y Cin o ~ gy e 7). (5.1)
p,o=1 +'u]luz 62N

It is clear that to obtain nontrivial solutions to the Toda equations we should require that
at least two coefficients ¢;, for any i = 1,...,r are different from zero. In this, we construct
solutions depending on only r combinations of independent variables 2~ and z*. We denote
such nonzero constants by Cj, and C,. The expression for the matrix elements (5.1) takes
then the form

(Ra)ij = (~1)* o ey 7200 0y e ) (R )y €y ey 7250,

where
LU= T5)a
() = 1 L o703 (1) =71, 1) (5.2)
a’t) ut 2(J; —ay T Cy. ul 2(K;—Ji) '
1"‘,“) 62N J 1+M] €N
A(Ki—Ji)—2(K;—Ji)a
+CK €N eZ7; (i) =2k (1)
(J K ©

Cr 1+M3M2 Le

A(K; J) 2K —Ji+K;—J;)a
Ck:Ck; 5y T 22y i)+ 2y (1)~ 2y )
CJZ.CJJ. 14 . -1 2(KJ Ki)
j 1
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It is easy to show that N
_ det Royy 4y det R},
det R, det R!,

Recalling also that It = (—1)", we see that we can take E; instead of R, to construct
solutions of the Toda equations using for that the above determinant representation.
Defining a new set of parameters

TP;

pi = J; — Kj, 0, = Zs 1’ Kp, = —i(ehy — ean') = 2sinb,,, (5.3)
exp d; = (327 G =i, fi = b G, fi= A G
and introducing the notation
Dy(f0) = 72—

we can rewrite the expression for R!, as

(Ro)ig = Diy(F. ) + RV OT200 Dy (F ) 4 Dy, e O+ e

+6§%(a—l)eZi(()+6i—219pi Dij(f, J’c“)er (O)+8;—-2i0,; 62—]\2[% (0‘—1)7 (5.4)

where now the dependence on independent variables is given through
Zi(C) = mkp, (Ci_lz_ + CZ-Z+).

In fact, it appears that it is appropriate to use the matrices T, = D~!(f, f )Efx and write
the solutions under construction as

det Ta+1
[ = ——ott
o det Ty,

The problem of constructing multi-soliton solutions for the Toda equations (B.§) is thus
reduced to calculating the determinant of the r x r matrix T,.

To obtain a one-soliton solution we set » = 1. In this case T, are ordinary functions,
and we easily find

Tooy =1+ 2COS(20£ - 1), Z(O+6-2i0, | 2Z()+5-2i6,) (5.5)
cos fl,

Setting 7 = 2 we work out the determinant of the respective 2 x 2 matrix explicitly given
above and thus obtain for the two-soliton solution the expression

det Tpyy = 14 2°8C0 —VOn 7, | yc0sCa = Vop 7, | 27 | 27

cos 0, cos 0,
ot cos(2a — 1)(0,, — 6,,) - cos(2a —1)(0,, +0,,)\ 7.7,
+ | 2712 + 219 e
cos B, cos 0, cos B, cosf,,
cos(2a — 1)0,, 7 o7 cos(2cc — 1)0 .z
_’_2nii-2nl—2 < ( ) P1 ezl+2Z2 + ( ) P2 eQZl-i-Zz)
cos 0, cos 0,

—\2 7 17
+ (miyny)” 1172, (5.6)
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with the ‘soliton interaction factors’

nh = ((1(2_1 + C2C1_1) +2c0s(0p, + 0p,) N5, = (4142_1 + <2C1_1) — 2cos(0p, — 0p,)
GG GG 20088y, —0p,)" T (GG GG — 2c08(8,, +0,,)

and the constant parameters

o (1 + fo) (L= fo) o (f1+ f2)(fr = o)

(fi — f2)(fL + f2) (f1 = f)(f1 + f2)

giving rise to a shift in the exponents as

Zi = Zi(C) + 6; + 6, — 2i6,,.

It can also be shown that performing the corresponding change of variables as suggested
in the paper [, one can reach the same result along the lines of the Hirota’s approach.
Here, the quantities det T,,11 constructed by means of the rational dressing formalism, will
coincide with the Hirota’s 7-functions 7, see the paper [§ where such correspondence was
established for the untwisted case.

Now, considering s = 2, so that N = 3, we describe the Dodd-Bullough-Mikhailov
equation from section B.4. Here we have I} = (—1)", I'y = F2_1, and so, the mapping ~ is
parameterized by the only nontrivial function I, denoted here by I'. The corresponding
soliton solutions can easily be derived from the relations (5.§) and (f.f) putting a = 2 and
a = 3 in order and taking into account that 6, = mp/3. Remember here that p = J — K,
where J and K take values 1, 2 or 3 only. In particular, it is easy to see that the one-soliton
solution can be written as

1 — 462(Q+5-2i6, | 2(Z(Q)+5-2i6,)
= (1 + eZ(Q+5-2i6,)2

For the two-soliton solution, we should respectively simplify the expression (p.4). The cor-
responding expressions reproduce the one- and two-soliton solutions of the Dodd-Bullough-
Mikhailov equation obtained in the paper [B] by means of the Hirota’s method.

5.2 Even-dimensional case

Here we consider the case of n = 2s, with p = N = 2s — 1. It means also that now we have

t

ny = 2. The eigenvectors of the matrices ‘c_, ‘c;, c_ and c; are 2s-dimensional column

vectors W, p=1,...,2s — 1, satisfying the relations
t o s+2p t o —s—2p . —s—2p o s+2p
cV,=men" "V, ‘cyW,=meyny TV, c V,=meyn TV, ciV,=men" Y,
where we define the 2s components of ¥, as
+2 +2
(W= (T =iy ™ (T)a= V263" a=2...s

and
(U)o = (12512802 =541, 25— 1.
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Besides, respective to the only zero eigenvalue, c_, c; and their transposed matrices have
one and the same null-vector that can be defined as Wy = (1,—1,0,...,0).
Consequently, the solution ([.2§) takes the form

2s5—1 2s—1
5+2P —Z (i . s+2p —Z (1
(ull )o = Cio + E : Cip €9 p(uz)’ (i) = —cio + E Cip€gy p(ul)a
and
2s—1
2 — )
Ui = E Cip\/ieg](\}g-i_ P e Zolmi), a=2,...,8
p=1
2s—1
1 a(s+2p) —Z .
Ujo = E Cip (=1)*7°7 \/_ 2 plhi), a=s+1,...,25s—1,
p=1

where ¢;p and ¢;, are arbitrary constants and, as usual, we have introduced the notation

2 1 - +2

Zp(pi) = meqn "p; 27 +eon " p1iz ).
Note that u;; is now a 2-dimensional column vector with the components (u; 1) and (u; 1)1
given in order.

For the quasi-periodic quantities R, introduced in section Al we obtain the expressions

~ 207°
(R1)ij = ﬁcw%o
/%8 + Mjs
2s5—1 E2(s—|—p—|—0)
s L 2N 2y (1)~ Za (1)
—|—2,ul,u] Z CZpCjol o _2(p_o)e P i),
po=1 A SIZIRE2I
_ 2M225M2s
(Ra)ij =557 ]2 1 Ci0 €50
qus + :ujs
el 2s—1 4p+1 2(p—0)a 4 p
+2( 1)auls+ @ a Z Czpc_ja 2(p 0—) — p(lf«l)_ a(ﬂ])7
p,o=1 1—|—,u],ul Y

that are to be used in the determinant representation derived earlier for constructing the
soliton solutions.

It is easy to see that if we set here ¢;o = 0, then we come to the same solutions given
for n = 2s — 1 by the relations (p.4)—(F.6), with the only unessential difference that for
n = 2s the rational dressing gives I'1 = (—1)"J5. Therefore, to obtain new solutions we
consider that in what follows ¢;y does not vanish.

To construct such new simplest soliton solutions we thus assume that for each value
of the index 7 only one arbitrary constant c;,, apart from the c;g, is different from zero.
To keep up with the notations used in the preceding section, we denote such nonvanishing
coefficients by Cy, and Cp,. Then we can write for the above r x r matrices El and Ea

(R1)ij = —24;Co, (R})ij Co, 1%, (Ra)ij = 211;Co, (RL)i; Co, 1%,
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where R} and R, can be represented as
(B = Diy(¢P71 ¢ = e 4Dy (¢ e,
(Ra)ij = Dij(¢*71 (27 = (~1)* ¢ e % Dy (¢, Qe 0 ¢, (5.7)

Here we use the same notation for the matrices D(f,g) introduced in the preceding sec-
tion p.1], and besides,

Zi = Zi(C) = 6 —i0syar,  Zi(Q) =m(¢TT 2T 4 G2,
with the set of parameters

_sf2, 5 _ O _ m(s+25)
G = ESN M, € = C_Oi’ 95+2Ii = ﬁ

We also rewrite the explicit forms of the components of the 2-dimensional column vector

u;,1 in terms of the notations introduced above. We have

(ti,1)0 = piCo, (14 exp(—Z;)), (Ui,1)1 = —pi Co, (1 — exp(—Z;)).

Hence, according to the general relations derived in section |, we can take the matrices T, =
D=Y(¢%71 (>~ R/, instead of R, and write for the solutions of the Toda equations (B.13)
the following expressions:

T
N=T+ Y v(R )i Ja,
ij=1

where v; are 2-dimensional column vectors with the components

1 1
Vi = %(1 +exp (—Z)), Vi1 = —E(l —exp (—Zj)),
and dot T
€l Lol
I, =— =2 ....8.
@ detT,, ’ @ ’ »8

To obtain a one-soliton solution of the type under consideration, we put r = 1, for
which T, are ordinary functions. It is easy to show that in this case we have

r 1 —7'
In = 0_1 ) I'= T exp ),
r-+o 1 —exp(—2")

and
1+ (—1)% exp(—22")

I'n = )
1—(—-1)>exp(—22")

a=2,...,s.

Note that apart from the relation I, = I’y ! here we also have I, =1y L It is clear
that to have a mapping ~ belonging to Gy we should take I} J2 instead of the above I7.
Setting » = 2 we work out the corresponding 2 x 2 matrices and thus obtain new

two-soliton solutions to (B.I3). The calculations lead to the expressions

(L0 e l4+e % o2y e=(Za+2)
! or-t})’ 1—e21 4 o2 _ 77126—(21—1-22)7
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where the ‘soliton interaction factor’ is now

2s5—1 2s5—1
_ Cl - (2 . 1s - 28
Q+C sty

M2

and we have introduced a new parameter ¢’ defined by

2s5—1 2s5—1

v _ S 6
T 2s—1 _ r2s—1

1 2

and producing a shift in the exponents,
Zi =7 — 0 = Zi(¢) — 6 — & — ifsyar,.
We also have

det Tayr = 1+ (—1)% (7221 4 o=222) (5.8)
e GG GE g
G+ QP +E

Note finally that under the permutation of the parameters (; and (, the function I" trans-

]

forms into "1, thus I goes to I} ! while I, for the other values of a all stay invariant.

6. Conclusion

We have considered the abelian Toda systems associated with the loop groups of the com-
plex general linear groups. Using the method of rational dressing, along the lines of [{], we
have constructed soliton solutions to these equations in the twisted cases, that is, when the
gradations are generated by outer automorphisms of the structure Lie algebras. In fact,
we have constructed solutions which obviously form wider classes than the solitons. The
soliton solutions can be obtained from the more general solutions constructed by means
of the rational dressing by setting the initial data of the problems under consideration to
specific values. And in this sense the soliton solutions that can be found also by the Hi-
rota’s approach, form a subset of the solutions constructed by the rational dressing method.
We have demonstrated this, in particular, by the solutions to the famous Dodd-Bullough-
Mikhailov equation.

Our consideration can be generalized to Toda systems connected with other loop
groups, such as twisted and untwisted loop groups of the complex orthogonal and symplec-
tic groups. It is worth noting that, as we have already observed here, the pole positions
of the dressing meromorphic mappings and their inverse ones turn out to be bound up
with each other because of the specific structure of the outer automorphism leading to
the twisted cases. This circumstance made part of the formulae more intricate than in
the untwisted general linear case considered in the preceding paper [E] Actually, similar
problems of coinciding pole positions arise also due to the specific group conditions. We
will address to this problem and present our respective results in some future publications.
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Note finally that Toda systems based on twisted affine Kac-Moody algebras were ap-
proached in [24] by means of vertex operators, by constructing twisted algebras from un-
twisted ones with the help of relevant folding techniques. Although the constructions of [4]
do not present explicit forms of the solutions, however, it is not difficult to see that they
reproduce the soliton solutions that can be obtained by the Hirota’s approach. It should
be an interesting problem to make a comparative analysis, from a group-algebraic point of
view, of the rational dressing and vertex operators methods.
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